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Introduction.
For a smooth variety X over a base field of characteristic 0 we have its algebraic de Rham cohomology H · dR (X) := H · (X Zar , Ω · X ); for nonsmooth X, one defines H · dR (X) using cohomological descent as in Deligne [D] . If the base field is C, then one has the Betti cohomology H · B (X) := H · (X cl , Q) and a canonical period isomorphism ("integration of algebraic differential forms over topological cycles") (0.1)
compatible with the Gal(C/R)-conjugation. To define ρ, consider the analytic de Rham cohomology H · dR (X an ). There are evident maps
Then β is an isomorphism due to the Poincaré lemma, and ρ := β −1 α (the fact that ρ is an isomorphism was established by Grothendieck [Gr] ).
Suppose our base field is an algebraic closureK of a p-adic field K (say, K = Q p ). The role of H · B (X) is now played by the p-adicétale cohomology H · et (X, Q p ), and Fontaine conjectured in [F1] 1 the existence of a natural p-adic period isomorphism
Here B dR is Fontaine's p-adic periods field ([F1] , [F3] ). Recall that it is a complete discretely-valued field whose ring of integers B + dR containsK, the residue field B + dR /m dR is Tate's field C p , the cotangent line m dR /m
The p-adic period map was defined in three different ways in works of, respectively, Faltings, Niziol, and Tsuji (with prior crucial input of Bloch, Fontaine, Hyodo, Kato, Kurihara, and Messing; the nonproper setting was treated by Yamashita [Y] ), see [Fa1] , [Fa2] , [N1] , [N2] , [Ts1] , [Ts2] ; the three ρ's coincide by [N3] .
In the article we give another construction of ρ which is fairly direct and has the same flavor as the classical picture (0.2). The tools are derived de Rham cohomology of Illusie [Ill2] Ch. VIII and de Jong's alterations. The companion paper [B] treats the Fontaine-Jannsen side of the story; another approach was developed by Bhatt [Bh2] . It would be very interesting to see if these methods can help to understand the Riemann-Hilbert correspondence in the p-adic setting.
An outline of the construction: First we realize B + dR as the ring of de Rham p-adic constants in the sense of derived algebraic geometry. Namely, let A dR be the derived de Rham algebra LΩ ·ÔK /OK completed with respect to the Hodge filtration F · , see [Ill2] Ch. VIII (2.1.3.3); here O K , OK are the rings of integers in K,K. Now B + dR identifies canonically with A dR ⊗Q p , where ⊗ is the derived completed tensor product, so that m
This fact was observed independently by Fargues [Far] .
Let Var F be the category of varieties over a field F , and Var nc F be the category of regular F -varieties U equipped with a regular compactificationŪ with normal crossings divisor at infinity. As follows from de Jong's theorem [dJ1] , the forgetful functor Var of ss-pairs (V,V ), i.e., smoothK-varieties V equipped with a semi-stable compactificationV (that includes compactification in the arithmetic direction). Again by de Jong [dJ1] , Var ss K is a base for the h-topology on VarK. Consider the presheaf on Var ss K which assigns to (V,V ) the derived de Rham algebra with log singularities RΓ(V , LΩ ·( V,V )/OK ) (see [Ol] ). Its h-sheafification A is the usual locally free OV -module of forms with log singularities, is an h-sheaf of Qvector spaces for (a, b) = (0, 0). The case a = 0 is essentially theorem 8.0.1 from Bhatt's thesis [Bh1] ; the general result is obtained by a similar method (which uses coverings of families of stable curves that come from the multiplication by p isogeny of the generalized Jacobians).
Set RΓ 
where α is the composition H · dR (X)
dR (X) ⊗Q p ) and β is the B + dR -linear extension of the evident map (which comes from the embeddings Z/p n → A ♮ dR ⊗ L Z/p n and the fact that the h-topology is stronger than thé etale one). Since theétale and h-cohomology with torsion coefficients coincide, the Poincaré lemma implies that β is an isomorphism. Now the p-adic period map ρ is the B dR -linear extension of β −1 α. An explicit computation for X = G m followed by usual tricks of the trade shows that ρ is a filtered isomorphism.
The work was prompted by a discussion with Kobi Kremnizer (and watching the moon over a meadow in Oxford). I am very grateful to him, and to Bhargav Bhatt, Volodya Drinfeld, John Francis, Luc Illusie, David Kazhdan, Jacob Lurie, Madhav Nori, and Misha Temkin for explanations, questions, and correction of mistakes.
1. A derived de Rham construction of B dR .
1.1. The derived p-adic completion. Throughout the article we use (not too heavily) E ∞ algebras, for which we refer to, say, [HS] . 3 Recall that E ∞ algebras are dg algebras whose product is commutative and associative up to coherent higher homotopies (more formally, E ∞ algebras are dg algebras for a resolution of the commutative algebra operad). A key fact: for any commutative (more generally, E ∞ ) cosimplicial dg algebra the corresponding total complex is naturally an E ∞ algebra. Thus the homotopy limit of a diagram of E ∞ algebras is an E ∞ algebra.
For a projective system of complexes of abelian groups . . .
There is an embedding lim ← − C n = Ker(id − φ) ֒→ holim C n . If all φ n 's are surjective, then id − φ is surjective, hence ֒→ is a quasi-isomorphism. So holim, being an exact functor, is the right derived functor of lim ← − .
If C · is a projective system of dg algebras, then holim C n is naturally a dg algebra (and the above embedding is an embedding of algebras); if the C n are commutative (or, more generally, E ∞ ) algebras, then holim C n is an E ∞ algebra.
Let p be a prime. Consider the projective system of commutative dg algebras
It is a resolution of the projective system . . .
These are dg Z ♭ p and Q ♭ p -modules, so their cohomology groups are Z p -and Q pmodules, and F → F ⊗Z p , F ⊗Q p are exact functors. If F is an (E ∞ ) dg algebra, then so are F ⊗Z p and F ⊗Q p .
Remark. One has an evident projective system
n F of exact triangles; applying holim, we get a canonical exact triangle holimF
We see that · ⊗Z p is the left derived functor of the p-adic completion functor and the right derived functor of
Example. For a scheme X, itsétale Z p -and Q p -cohomology are RΓé t (X, 
Ch. I, (1.5.5.6). This is a simplicial commutative A-algebra such that each P i is a polynomial A-algebra. The de Rham complexes Ω · P·/A form a simplicial filtered commutative dg A-algebra, so the corresponding total complex LΩ · B/A is a filtered commutative dg A-algebra (see [Ill1] Ch. I, 3.1.3). Now LΩ ·B /A is its completion with respect to the filtration F · . Here "completion" is understood as mere projective system of quotients modulo F i . One has a natural identification gr
] compatible with the product; here L B/A := Ω P·/A ⊗ P· B is the relative cotangent complex and LΛ i B is the nonabelian left derived functor of the exterior power functor (see Ch. II and I of [Ill1] ). For A-flat B's, the construction is compatible with base change. It is compatible with direct limits. If in the above definition we replace P · by any simplicial A-algebra resolution of B whose terms are polynomial A-algebras, then the output is naturally quasi-isomorphic to LΩ ·B /A . The next lemma is a particular case of [Ill1] Ch. I, 4.3.2.1(ii). For a flat B-module T we denote by B T · its divided powers symmetric algebra.
There is a canonical isomorphism of graded B-algebras compatible with base change
1.3. Let K be a p-adic field, i.e., a complete discretely-valued field of characteristic zero with perfect residue field k of characteristic p > 0,K be an algebraic closure of K, and O K , OK be rings of integers in K,K. Let K 0 ⊂ K be the field of fractions of the Witt vectors W (k) = O K0 , and let a be the fractional ideal inK generated by p 
Theorem. One has L OK ∼ → Ω OK , and (1.3.1) is surjective with kernel (a/OK)(1).
Passing to the limit, we get the first assertion. Let us prove the second one.
(i) By the above,
′ is another finite extension, then the standard exact triangle of the cotangent complexes reduces to a short exact sequence 0
(ii) Replacing K ′ , K by K, K 0 and passing to the limit, we get a short exact sequence 0 → OK ⊗ OK Ω OK /OK 0 → Ω OK /OK 0 → Ω OK /OK → 0. Thus it suffices to prove the theorem for K = K 0 , which we now assume.
(iii) Set T := Ker((K/OK)(1) → Ω), F := K(µ p ). The set of OK-submodules of (K/OK)(1) is totally ordered by inclusion. Thus, since OK ⊗ OF Ω OF ⊂ Ω OK is a nonzero OK-module generated by d log(µ p ), one has
It remains to prove surjectivity of (K/OK)(1) → Ω OK . Let K ′ ⊂K be any finite extension of K; we want to check that
1.4. For a complex P acyclic in degrees = 0, we often write P instead of H 0 P .
Consider the filtered commutative dg
and the corresponding filtered E ∞ O K -algebra A dR ⊗Z p (see 1.1). Let us describe the graded OK -algebras gr
Proposition. (i) The complexes gr i F A dR ⊗Z p are acyclic in nonzero degrees, and there is a canonical isomorphism of graded algebras
(ii) One has gr 0 F A dR = A dR /F 1 = OK , and the complexes gr i F A dR for i > 0 are acyclic in degrees = 1. There are natural isomorphisms of OK -modules
in a way compatible with the product by (1.2.1). Therefore gr 
are acyclic in nonzero degree. By loc.cit., (A dR /F i+1 ) ⊗Q p is an i-truncated dvr with residue field
5 Use the fact that every complex of abelian groups splits, i.e., is quasi-isomorphic to a complex with zero differential.
Proposition. There is a canonical ring isomorphism of filtered rings
1.6. The next result, which will not be used in the rest of the article, is a reinterpretation of Colmez's theorem [Col] . It would be nice to find a simpler direct proof.
Proposition. The complexes A dR /F i are acyclic in nonzero degrees; the maps
Proof. By 1.4(ii), the exact cohomology sequence for 0 → gr 
, so its composition with the projection onto T p E vanishes. This cannot happen since u iQ is an isomorphism (see 1.5), q.e.d.
2. h-topology and semi-stable compactifications.
2.1. A topological digression. The next proposition is a generalization of [V2] 4.1.
Let V be an essentially small site. As in [V1] , we denote by V the corresponding topos (the category of sheaves of sets on V).
For us, a base for V is a pair (B, φ) , where B is an essentially small category and φ : B → V is a faithful functor, that satisfies the next property: ( * ) For any V ∈ V and a finite family of pairs (B α 
Remarks. (i) Property ( * ) for empty set of (B α , f α )'s means that every V ∈ V has a covering by objects φ(B), B ∈ B. If φ is fully faithful, then ( * ) amounts to this assertion.
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(ii) If B admits finite products and φ commutes with finite products, then it suffices to check ( * ) for families (B α , f α ) having ≤ 1 element. (iii) In the general case, it suffices to check ( * ) for families (B α , f α ) having ≤ 2 elements.
Suppose (B, φ) is a base for V. Define a covering sieve in B as a sieve whose φ-image is a covering family in V.
Proposition. (i) Covering sieves in B form a Grothendieck topology on B.
(ii) The functor φ : B → V is continuous (see [V2] 1.1). (iii) φ yields an equivalence of the toposes: one has B ∼ → V .
We call the above topology on B the φ-induced topology. ′ that belongs to the gpullback of s. The φ(g)-pullback of φ(s) is a covering sieve in V, so there is a covering family {π γ :
′ } in B which lies in the g-pullback of s. (ii) We know that φ sends covering families to covering families, so it suffices to show that for any given p α :
Such a datum (with g β the identity map) comes from ( * ) applied to V and (
(iii) By (ii), one has the usual adjoint functors between the categories of sheaves (φ s , φ s ) : B ⇆ V . To prove that they are mutually inverse equivalences, we will check that for F ∈ B and G ∈ V the adjunction maps a F :
. (a) To show that a F is an isomorphism, we check that it is injective and surjective:
a F is injective: Suppose we have B ∈ B and
and the equality means that there is a covering {π γ :
To find it, consider χ as an element of (φ s F )(φ (B) ). There is a covering {π γ :
Since φ s (b G )a φsG = id φsG and we already know that a φsG is an isomorphism, we see that
) is an isomorphism for every B ∈ B. Since every V ∈ V admits a covering by objects φ(B), B ∈ B, this implies that b G is both injective and surjective, hence an isomorphism, q.e.d.
Exercises. (i) For any presheaf
2.2. For a field K, let Var K be the category of K-varieties, i.e., reduced separated K-schemes of finite type. We will consider categories B formed by varieties equipped with appropriate compactifications, referred to as pairs: (a) Geometric setting: Let j : U ֒→Ū be an open embedding such thatŪ is proper and U is dense inŪ . We call such a datum geometric pair over K, or geometric K-pair, and denote it by (U,Ū ). We say that (U,Ū ) is a regular normal crossings pair, nc-pair for short, ifŪ is a regular scheme andŪ U is a divisor with normal crossings inŪ ; it is a strict nc-pair if the irreducible components of U U are regular. A morphism f : (U ′ ,Ū ′ ) → (U,Ū ) of pairs is a mapŪ ′ →Ū which sends U ′ to U . We denote the category of geometric K-pairs by Var For such a (U,Ū ) we set
Then K U is the product of several finite extensions of K (labeled by the connected components of U K ; ifŪ is normal, then O KU is the product of the corresponding rings of integers. The closed fiberŪ s ofŪ is the union of fibers over the closed points of O KU .
We say that (U,Ū ) is a semi-stable pair, or simply ss-pair, if (i)Ū is a regular scheme, (ii)Ū U is a divisor with normal crossings onŪ , and (iii) the closed fiberŪ s is reduced. Our ss-pair is strict if the irreducible components ofŪ U are regular. Arithmetic K-pairs form a category Var 
where the vertical arrows are the fully faithful embeddings, and the upper horizontal lines are faithful forgetful functors of passing to the generic fiber and (U,Ū ) → U . The K-andK-settings are connected by base change functors (2.2.2)
Here the two right vertical arrows are the evident base change · ⊗ KK , and the left one assigns to a semi-stable K-pair (U,Ū ) the disjoint sum of pairs (U,Ū ) α for all K-points α : K U →K.
2.3. A morphism f : (V,V ) → (U,Ū ) of pairs in either of the settings of 2.2 is called an alteration (of (U,Ū )) if f −1 (U ) = V , the generic fibers of f are zero-dimensional, and their union is dense in V . In setting (a), f is a (strict) nc-alteration if (V,V ) is a (strict) nc-pair; in settings (b), (c), f is a (strict) ss-alteration if (V,V ) is a (strict) ss-pair.
If f is an alteration, then f | V : V → U is proper and surjective; the composition of alterations is an alteration.
Here is a key result of de Jong [dJ1] 4.1, 6.5:
Theorem. Every geometric pair admits a strict nc-alteration. Every arithmetic pair, either over K or overK, admits a strict ss-alteration. The alterations can be chosen so thatV is projective.
Remark. Our conventions slightly differ from de Jong's: he understands varieties to be irreducible and semi-stable K-pairs (U,Ū ) to have property
2.4. For a field K, the h-topology (see [SV] ) on Var K is generated by the pretopology whose coverings are finite families of maps {Y α → X} such that Y := ∐Y α → X is a universal topological epimorphism. 8 It is stronger than theétale and proper topologies.
9 We denote the h-site by Var Kh ; the h-site of X is denoted by X h .
f is an h-covering if (and only if) for every irreducible curve C ⊂ X the base change YC →C, whereC is the normalization of C, is an h-covering.
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(ii) If X is a regular curve, then f is an h-covering if (and only if) the closure of the generic fiber of f maps onto X, or, equivalently, f is a covering for the flat topology.
Remark. By [SV] 10.4, every h-covering is a Zariski covering locally in proper topology. Therefore (see [D] , [SD] , or [C]) h-coverings are morphisms of universal cohomological descent for torsionétale sheaves; if K = C, then h-coverings are morphisms of universal cohomological descent for arbitrary sheaves on the classical topology. In particular, for any h-hypercovering Y · of X and an abelian group A the canonical map RΓ(Xé t , A) → RΓ(Y ·ét , A) (:= the total complex of the cosimplicial system of complexes RΓ(Y iét , A)) is a quasi-isomorphism if A is a torsion group. Passing to the limit, we see that
Since h-topology is stronger than thé etale one, we see that RΓ(Xé t , A) [SV] 10.7 for a direct proof).
2.5. Let φ be the forgetful functor (U,Ū ) → U on any of the categories Var ? in 2.2.
Proof. We consider the arithmetic K-setting, leaving the two other settings for the reader. Let us show that (Var cc K , φ) satisfies condition ( * ) from 2.1. Our datum is a K-variety V and a finite collection of arithmetic K-pairs (U α ,Ū α ) and maps f α : V → U α . We need to find an h-covering π : V ′ → V and an arithmetic pair 
is semi-stable. Such a datum is provided by the de Jong theorem in 2.3, and we are done.
We call the φ-induced topology on either of the categories Var ? the h-topology.
Remarks. (i) Any h-covering of (U,Ū ) ∈ Var ss
K has a refinement with terms of the same dimension as U (indeed, the same assertion in Var K is true by [SV] 10.4; to pass to Var ss K , we apply the constructions from the proof above, and they preserve the dimension).
(ii) The proposition remains true if we replace the category of ss-or nc-pairs by its subcategory of strict pairs (U,Ū ) with projectiveŪ . (iii) For any functor in (2.2.1) its source is a base for the h-topology of the target, and the induced topology on the source is the h-topology. 3. The p-adic period map.
3.1. The derived de Rham algebra in logarithmic setting. We refer to [K1] for log scheme basics. There are two (in general, nonequivalent) ways to define the cotangent complex for log schemes due, respectively, to Gabber and Olsson, see [Ol] . 12 Gabber's approach ( [Ol] §8) is more direct and precise; 13 we recall it briefly. For a commutative ring A, a prelog structure on A is a homomorphism of monoids α : L → A, where L is a commutative integral monoid (written multiplicatively) and A is viewed as a monoid with respect to the product. Rings equipped with prelog structures form a category in an evident way; denote its objects simply by (A, L). 
is freely generated, as a graded commutative A-algebra, by elements t i , t j of degree 0 and d log t i := d log m i , dt j of degree 1, where i ∈ I, j ∈ J.
This is a simplicial object of C (A,L) augmented over the object (B, M )/(A, L) and such that every P i is a free object as above. Thus we have the simplicial dg algebra Ω · P·/(A,L) filtered by the Hodge filtration F . Denote by 12 In all situations we will consider the two versions coincide by [Ol] 8.34. 13 It produces a true complex, while Olsson's construction yields a mere compatible datum of the canonical filtration truncations.
this is a filtered commutative dg algebra. Let LΩ ·( B,M)/(A,L) be its F -completion; as in 1.2, we understand it as mere projective system of quotients LΩ
One has a natural quasi-isomorphism of graded dg algebras gr * 3.2. Let (U,Ū ) be a pair as in 2.2. We viewŪ as a log scheme with the usual integral log structure OŪ ∩ j * O × U → OŪ ; by abuse of notation, let us denote this log scheme again by (U,Ū ). Any morphism of pairs (U,Ū ) → (V,V ) is a morphism of log schemes, so we have the relative log cotangent complex L (U,Ū )/(V,V ) , the derived log de Rham algebra LΩ 
Remark. For (V,V ) ∈ Var
. Hence for (U,Ū ) ∈ Var ss K one has RΓ(Ū , LΩ ·(
). Ditto for pairs over K.
Consider now the arithmeticK-pair Spec(K, OK) := (SpecK, Spec OK):
Lemma. The cotangent complex L (K,OK ) is acyclic in nonzero degrees, and the canonical map
Proof. For a finite extension K ′ of K consider the log scheme Spec(
It is a log complete intersection over O K (see [Ol] 
is an embedding with cokernel isomorphic to the residue field O K ′ /m K ′ . Now pass to the inductive limit, and use the fact that Ω OK is p-divisible (see 1.3). 
Consider the presheaf (U,Ū ) → RΓ
♮ dR (U,Ū ) := RΓ(Ū , LΩ ·( U,Ū) ) of filtered E ∞ dg O K -algebras on Var
Theorem (p-adic Poincaré lemma). The maps
For a proof, see §4. Assuming it, let us define the p-adic period map ρ. ) of filtered E ∞ dg K-algebras on Var nc K . Let A dR its h-sheafification (2.6.1), which is an h-sheaf of filtered E ∞ K-algebras on Var K (viewed as the projective system of quotients modulo F i ). For any X ∈ Var K set (3.4.1)
This is Deligne's de Rham complex of X equipped with Deligne's Hodge filtration.
(ii) The differential of RΓ dR (X) is strictly compatible with the filtration.
Proof. By Lefschetz's principle, we can assume that [Gr] .
Thus for any h-hypercovering (Y
If we equip RΓ(X cl , C) with the Hodge-Deligne filtration of mixed Hodge theory [D] , then this is a filtered quasi-isomorphism. Therefore we have a canonical filtered quasi-isomorphism RΓ dR (X) ∼ → RΓ(X cl , C). Now (i) and the second assertion of (ii) are clear; the first assertion of (ii) follows from mixed Hodge theory. The quasi-isomorphism in (iii) is RΓ(X, Ω
), where the arrows are quasi-isomorphisms by the cohomological
3.5. We return to the setting of 3.3, so K is our p-adic field. Let X be any variety overK. It yields a filtered E ∞ O K -algebra
Since A dR ⊗ Q =K (see Remark (i) in 1.5), RΓ ♮ dR (X) ⊗ Q is aK-algebra. By Remark in 3.2, we have a filtered quasi-isomorphism of E ∞K -algebras
Let us compute RΓ ♮ dR (X) ⊗Z p . Consider the morphisms of filtered complexes
L Z/p n , the arrows become filtered quasi-isomorphisms (the first one by Remark in 2.4, the second one by the Poincaré lemma in 3.3), so we get 14 Here we view X as an h-sheaf on Var nc K , so (Y·,Ȳ·) is a simplicial object of Var nc K equipped with an augmentation map Y· → X that makes Y· an h-hypercovering of X.
Zp Z/p n , one has, passing to the homotopy limit as in 1.1,
Tensoring by Q, we get a filtered quasi-isomorphism of filtered E ∞ B + dR -algebras (see (1.5.1)) (3.5.3)
where the first arrow is inverse to (3.5.2) and the second one comes from the canonical map ? →? ⊗Z p . We get a morphism of filtered E ∞ B + dR -algebras
Remarks. (i) The Galois group Gal(K/K) acts on VarK h and on both sides of (3.5.4) by transport of structure, and ρ + is evidently compatible with this action. In particular, if X is defined over K, i.e., X = X K ⊗ KK , then RΓ dR (X) = RΓ dR (X K ) ⊗ KK , and we can rewrite (3.5.4) as a Gal(K/K)-equivariant morphism
(ii) The map ρ does not change if we replace K by any its finite extension that contains inK (see Remark in 2.6).
3.6. Theorem. The B dR -linear extension of ρ is a filtered quasi-isomorphism: for any X ∈ VarK one has (3.6.1)
Proof of Lemma. We make a mod p n computation. Consider the ss-pair (G m ,Ḡ m ),
where the first arrow comes from the coefficient maps
To prove the lemma, we will show that the image of d log t by the embedding gr
Let Gm be a copy of G m with parametert, and π : Gm → G m be the projection t =t p n . Thus Gm/G m is our µ p n -torsor k n , so cl(k n ) is represented by aČech µ p ncocycle c(k n ) for theétale covering Gm/G m . The correspondingČech hypercovering is the twist of Gm by the universal µ p n -torsor t n over the classifying simplicial space B µ p n · , so for any sheaf F theČech complex of Gm/G m with coefficients in F is the cochain complex C · (µ p n , Γ(Gm, F )) for µ p n acting on sections by the translations. The 1-cocycle c(k n ) is the identity map µ p n → µ p n = Γ(Gm, µ p n ).
Our π extends to the h-covering of semi-stable pairs (Gm,Ḡm) → (G m ,Ḡ m ), and theČech hypercovering extends to a hypercovering in Var ss K which is the t ntwist of (Gm,Ḡm). So one has a canonical map
Their difference is the differential of the 0-
We see that for X = G m the map ρ of (3.6.1) is a filtered quasi-isomorphism. It provides a canonical generator ρ(d log t)/cl(k) of m dR (−1). Thus we have a canonical identification between H 
. Let us show that ρ commutes with the Gysin maps.
Consider the deformation to the normal cone diagram
Here 
where the vertical arrows are the Gysin isomorphisms and the horizontal ones are pullbacks. There is a similar diagram for the Q p -cohomology. The horizontal maps are filtered quasi-isomorphisms, so, since ρ is compatible with pullbacks, we see that the Gysin compatibility for Y ֒→ X amounts to one for Y ֒→ L. So we can assume that X is a line bundle L over Y and i its zero section. Now the source of both i * 's are dg algebras, the targets are modules over them (due to the projection L → Y ), and i * 's are morphisms of modules. Thus it suffices to check that ρ identifies the images of 1. The assertion is local with respect to Y , hence we can assume that L is trivial. By base change, we reduced to the case when Y is a point, where we are done by (a).
(c) The case of a smooth projective X: Let us check that the morphism of bigraded rings gr
is an isomorphism. It is an isomorphism for * = 0. By (b), gr 1 F ρ 2 identifies the classes c of a hyperplane section. Since the product with c dim X identifies H 0 and H 2 dim X , gr · F ρ 2 dim X is an isomorphism. Therefore, since gr · F ρ * is compatible with the Poincaré pairing for classes of opposite degrees and the latter is nondegenerate, gr 
It is a filtered quasi-isomorphism on the X ′ and Y ′ terms; hence it is a filtered quasi-isomorphism on the X term, q.e.d.
(e) The case of arbitrary X: If Y · /X is any h-hypercovering of X, then the canonical map RΓ dR (X) → RΓ dR (Y · ) (which is the total complex of the cosimplicial system of filtered complexes RΓ dR (Y i )) is a filtered quasi-isomorphism by the construction of RΓ dR , and
Thus if ρ is a filtered quasi-isomorphism for every Y i , then it is a filtered quasi-isomorphism for X. We are done, since, by de Jong (or Hironaka), one can find
Remark. ρ is compatible with Chern classes of vector bundles: Indeed, c i (E) are determined in the usual way by c 1 (O(1) P(E) ), so it suffices to show that ρ identifies c 1 's of line bundles. Notice that the construction of ρ extends tautologically to simplicial schemes. By (a) above, ρ identifies the de Rham andétale Chern classes of the universal line bundle over the classifying simplicial scheme B Gm· . For a line bundle L on X, choose a finite open covering {U i } of X such that L is trivial on U i ; let π : X· → X be theČech hypercovering. Since π yields an isomorphism between the cohomology, it suffices to check that ρ identifies the Chern classes of π * L. This is true since π * L is the pullback of the universal line bundle by a map X· → B Gm· .
4. Proof of the Poincaré Lemma.
Pick any (V,V ) ∈ Var
is locally free of finite rank, and there is a canonical short exact sequence
Proof. We can assume that V is connected, so (V,V ) is the base change of a semistable K-pair (U,Ū ) as in 2.2(c), i.e., (V,V ) = (UK,Ū OK ). For any finite extension
in the category of log schemes.
Assume the lemma for a moment. The map (U,Ū ) → Spec (O KU , K U ) is log smooth and integral; by the lemma, (
(see the proof of Lemma in 3.2), the canonical exact triangle ( [Ol] 8.18)
Pass to the limit by all K ′ ⊂K and use the lemma in 3.2; we are done.
Proof of Lemma. The underlying scheme of the pullback log scheme isŪ O K ′ . Let us show that its log structure map
The assertion isétale local, so we can assume thatŪ isétale over Spec O KU [t a , t b , t c ]/ (Πt a −π KU ), where a, b, c are in finite sets A, B, C, π KU is a uniformizing parameter in O KU , and U is the subscheme where all t a , t b are invertible. The log structure of (U,Ū ) is fine with a chart
, where e is the ramification index of 
a . Its image is formed by those Πm K2] 11.6, q.e.d.
16
The reference to [K2] can be replaced by the next explicit argument: It suffices to show that the map of sheaves
isomorphism. The r.h.s. is the sheaf D of effective Cartier divisors supported on 
The exceptional divisor of its minimal desingularizationŨ O K ′ is a chain of e−1 projective lines P 1 , . . . , P e−1 with self-intersection indices (P i ,
One has (D, P i ) = 0, i.e., n i−1 − 2n i + n i+1 = 0 or n i − n i−1 = n i+1 − n i , where n 0 := n a , n e := n a ′ . Thus n a ′ − n a = e(n 1 − n a ) ∈ eZ, and we are done. . This is a complex of h-sheaves of OK-modules on VarK. 
Its cohomology
be its h-sheafification. One has an evident map Cone(
Show that the theorem implies that it is a filtered quasi-isomorphism, i.e., the triangle
is exact in the filtered derived category of h-sheaves.
4.3. We deduce the above theorem from a more concrete assertion. As in 4.1, for an ss-pair (U,Ū ) over K we have the locally free OŪ -module of log differentials Ω U,Ū := Ω (U,Ū)/(KU ,OK U ) and its exterior powers Ω The above remark shows that the K-version of the theorem implies theK-one. The proof of the K-version takes the rest of the section.
4.4.
For the rest of §4, "pair" means "arithmetic K-pair" (see 2.2). We need further input from de Jong. A morphism f : (C,C) → (S,S) of pairs is said to be a family of pointed curves (over (S,S)) if the mapC S := f −1 (S) → S is smooth of relative dimension 1 with irreducible geometric fibers, and D f S :=C S C, viewed as a reduced scheme, isétale over S. Such an f is semi-stable if, in addition,C/S is a semi-stable family of curves, and the closure D f of D f S inC (the horizontal divisor), viewed as a reduced scheme, isétale overS and intersects each fiber of f at smooth points. A section e : (S,S) → (C,C) of f is said to be nice if e(S) intersects fibers of f at smooth points and D f ∩e(S) = ∅. Families of pointed curves over (S,S) form a category C (S,S) in the obvious manner, and a morphism of bases ψ : (S ′ ,S ′ ) → (S,S) yields an evident pullback functor C (S,S) → C (S ′ ,S ′ ) which preserves semi-stable families. A morphism
Theorem. (a) Any family f : (C,C) → (S,S) of pointed curves with f :C →S projective admits a semi-stable alteration f ′ h-locally over (S,S). (b) One can find f ′ as above which has a nice section e. Moreover, for a given closed subscheme P ⊂C such that f (P ) =S and P ∩C S ⊂ C, one can find e such that the mapC ′ →C sends e(S) to P . (c) For any semi-stable family of pointed curves f : (C,C) → (S,S) with (S,S) a strict ss-pair, there exists a semi-stable alteration m : (C,C) → (C,C) of f with m| C = id C such that m :C →C is an isomorphism over smooth points of f and (C,C) is an ss-pair. Let us check (b). Every pair has a canonical alteration by the union of normalizations of its irreducible components, so we assume all the way thatS is normal and irreducible. Since P as in (b) exists h-locally on (S,S), 18 we can assume it is given. Replacing (S,S) by its alteration (P S , P ), we get a section e of f with image in P . Set C ♭ := C e(S). Then (C ♭ ,C) → (S,S) is a family of pointed curves; let f ′♭ : (C ′♭ ,C ′ ) → (S,S) be its semi-stable alteration as in (a). Let D e be the closure inC ′ of the preimage D eS of e(S). Then D e is anétale covering ofS. 19 Let C ′ be the preimage of C ⊂C inC ′ ; then (C ′ ,C ′ ) → (S,S) is a semi-stable alteration of (C,C) → (S,S). Replacing (S,S) by its alteration (D eS , D e ), we get a nice section of (C ′ ,C ′ ) which sits over e, hence over P .
Remark. In (c), every nice section of (C,C) lifts to a nice section of (C,C).
Corollary. Any pair (U,Ū ) has an h-covering by ss-pairs (C,C), dim C = dim U , for which there is a semi-stable family of pointed curves f : (C,C) → (S,S) with a nice section such that (S,S) is an ss-pair and C is affine over S (i.e., f (D f ) =S).
Proof. It suffices to find an h-covering of (U,Ū ) by pairs (C,C) with dim C = dim U for which there exists a family of pointed curves f : (C,C) → (S,S) with C affine over S and projectiveS,C. The theorem transforms it then, with an input from Remark (i) in 2.5 to preserve the dimension and de Jong's theorem in 2.3 to alter (S,S) from (b) into a strict ss-pair, into a datum with all promised properties. By de Jong's theorem in 2.3, we can assume that (U,Ū ) is an ss-pair andŪ is projective and irreducible; 20 set d = dim U . Pick any closed point u ∈ U . It suffices to find an open neighborhood U ′ ⊂ U of U , an alteration (C,C) of (U ′ ,Ū ), and a family of curves f : (C,C) → (S,S) such that f (D f ) =S.
EmbedŪ into a projective space P N OK . By Bertini, there is a plane 
4.5. Let us return to the proof of the theorem in 4.3. We use induction by dim U . By the corollary in 4.4, we can replace (U,Ū ) by (C,C) as in loc. cit., so we have f : (C,C) → (S,S) with a nice section e and C affine over S. Notice that (C,C) is log smooth over (S,S) and the line bundle
Key lemma. h-locally over (S,S), one can find a semi-stable alteration φ : f ′ → f together with a nice section e ′ that lifts e such that (C ′ ,C ′ ) is an ss-pair and the pullback maps φ * :
21
For a proof, see 4.6. Assuming it for the moment, let us finish the proof of the theorem in 4.3. By Remark (i) in 2.5, we can assume that the h-localization of (S,S) in Key Lemma does not change dim S. We will show that for some h-
For any a consider the exact sequence
The section e splits off Ω
as a direct summand whose complement is Cone(∂ C ), where
There is a similar splitting in case of f ′ provided by e ′ , and the map φ
′ is compatible with the direct sum decompositions. Now φ * is divisible by p on the second summand: Indeed, Key Lemma asserts that the morphism of two-term complexes φ * : Cone(∂ C ) → Cone(∂ C ′ ) is divisible by p on each term; since these are morphisms of vector bundles on O K -flatS, our p −1 φ * is uniquely defined and commutes 20 We only need thatŪ is projective and normal, and that U is smooth. 21 As elements of the groups Hom
with the differentials. Thus the map φ
, is homotopic to zero. Apply RΓ(S, ·) and use the induction assumption to treat the first summand RΓ(S, Ω a S,S ); we are done.
4.6. Proof of Key Lemma. Consider the relative PicardS-schemes J := P ic 0 (C/S) and J ♭ := P ic 0 ((C, D f )/S): the first scheme parametrizes line bundles L onC such that the restriction of L to the normalization of each irreducible component of any geometric fiber of f has degree 0; the second one parametrizes pairs (L, γ), where L is as above and γ is a trivialization of
. Let C˜→ C be the i-pullback of the multiplication by p isogeny p J ♭ : J ♭ → J ♭ , andC˜→C be the normalization ofC in C˜. Then f˜: (C˜,C˜) → (S,S) is a family of pointed curves, which is an alteration of f . By the theorem in 4.4, h-locally over (S,S) there is a semi-stable alteration f ′ of fw ith (C ′ ,C ′ ) semi-stable and equipped with a nice section e ′ which lies over e. Let us check that the alteration φ : f ′ → f satisfies the conditions of Key Lemma. Set J ′ := P ic 0 (C ′ /S) and J ′♭ := P ic 0 ((C ′ , D f )/S). We have the pullback morphisms φ * : J → J ′ , J ♭ → J ′♭ of our semi-abelian schemes; over S we have the norm maps φ * S : J Thus φ * S extends to morphisms φ * : J ′ → J, J ′♭ → J ♭ . Notice that R 1 f * OC is the Lie algebra of J, and, by Serre duality, f * ω f is dual to the Lie algebra of J ♭ ; the same is true for f ′ . Our φ * : R 1 f * OC → R 1 f ′ * OC′ is the Lie algebra map for φ * : J → J ′ , and φ * : f * ω f → f ′ * ω f ′ is the map between the duals to the Lie algebras for φ * : J ′♭ → J ♭ (this is true over S, hence everywhere sinceS is O K -flat).
By construction, φ * S : J 
Appendix.
Below is a proof of part (a) in the theorem from 4.4. It follows closely de Jong's argument from § §2-3 of [dJ2] with a minor change of the lemma below; we refer the reader to sections of [dJ2] for details.
(i) ([dJ2] 2.10) One can assume thatS is irreducible. By [RG] 5.2.2, there is a canonical modification ofS, which is projective and is an isomorphism over S, such that the strict transforms ofC and D f are flat overS. Passing to them, we can assume that all fibers of f have dimension 1, of f | D f have dimension 0.
(ii) ([dJ2] 3.4-3.5) We say that a family of pointed curves is good if irreducible components of all its geometric fibers are curves whose normalization has genus ≥ 2. A good alteration is an alteration with good source.
Lemma. f admits a good alteration h-locally over (S,S). of K with residue field k ′ and two sections γ 1 , γ 2 ∈ Γ(C V , L)⊗ OK O K ′ which do not vanish at the generic points of irreducible components ofC x ,C y , such that t = γ 1 /γ 2 yields genericallyétale finite maps t x :C x ⊗ k
Proof of
etale over {0, 1, ∞} and such that t x (T i−1 ) ∩ {0, 1, ∞} = ∅. Pick ℓ ≥ 5 prime to p, and let F i be an extension of F i−1 generated by K ′ , µ ℓ , t 1/ℓ , and (1 − t) 1/ℓ . Let T i be the union of T i−1 and the set of ramification points of t x . The normalizationC i ofC in F i satisfies (a), (b), and satisfies (c) over some open set V i which contains V i−1 and y. We are done.
(iii) It remains to show that every good f admits a semi-stable alteration after a possible alteration of the base. The genus of the generic fiber of f is ≥ 2, so (C S , D f S ) is a stable n-pointed curve over S (where n is the degree of D f S over S). The Deligne-Mumford stack of stable n-pointed curves is proper, so, after replacing (S,S) by an alteration, we can assume that (C S , D f S ) extends to a stable n-pointed curve (C ′ , D f ′ ) overS (see [dJ2] 3.8). We have a semi-stable family of pointed curves f ′ : (C ′ ,C ′ ) → (S,S), By [dJ2] 3.10, the goodness of f implies that, after a possible alteration ofS, the evident morphismC ′ S →C S extends to a morphism f ′ → f , and we are done.
